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Abstract. We put two C*-algebras together in a noncommutative tensor 
product using quantum group coactions on them and a bicharacter relating 
the two quantum groups that act. We describe this twisted tensor product in 
two equivalent ways. The first construction is based on certain pairs of rep- 
resentations of quantum groups which we call Heisenberg pairs because they 
generalise the Weyl form of the canonical commutation relations. The second 
construction uses covariant Hilbert space representations. We establish basic 
properties of the twisted tensor product and study some examples. 



1. Introduction 

Several important constructions put together two C*-algebras in a kind of tensor 
product where the tensor factors do not commute. For instance, a noncommutative 
two-torus is obtained in this way from two copies of C(T). More generally, the 
crossed product A xi Q G for a continuous action a : G — > Ant (A) of a locally compact 
group G combines A and the group C*-algebra of G. Such crossed products also 
exist for locally compact quantum groups. Another example is the graded tensor 
product for Z/2-graded C*-algebras, which is defined so that the odd elements 
anticommute. Ruy Exel began a more systematic study of such noncommutative 
tensor products in [3]. 

We shall construct twisted tensor products using quantum group coactions on 
the tensor factors. The examples mentioned above are special cases of our theory. 
Our construction is closely related to one by Nest and Voigt [TU] , but more general 
because we allow two different quantum groups to act on the tensor factors and do 
not need Haar weights on quantum groups. 

Our twisted tensor product uses the following data: two C*-quantum groups 
G = (A, A a) and H = (B,A B ) (in the sense of [12]); a bicharacter V e U{A <g> B); 
and two C*-algebras C and D with continuous coactions 7: C — » C®A and 5: D — > 
D <g) B of G and H, respectively. Then we define a C*-algebra 

cm v D = (C, 7 ) K v (D,S) 

with nondegenerate *-homomorphisms 

C^M(C^ V D)<^D 

such that tc(C) ■ ^d(D) is linearly dense in CKly D. We briefly call (CMyD, ic, ld) 
a crossed product of C and D. 
We now give several examples. 

First the trivial, commutative case. If V = 1 or if 7 or S is trivial, then C My D 
is the minimal C*-tensor product with the usual maps lc and ld- 



2010 Mathematics Subject Classification. 81R50 (46L05 46L55). 

Key words and phrases. C*-algebra, tensor product, crossed product, Heisenberg pair. 

Supported by the German Research Foundation (Deutsche Forschungsgemeinschaft (DFG)) 
through the Research Training Group 1493 and the Institutional Strategy of the University of 
Gottingen, and by the Alexander von Humboldt-Stiftung and the National Science Centre (NCN) 
grant no. 2011/01/B/ST1/05011. 

1 



2 



RALF MEYER, SUTANU ROY, AND STANISLAW LECH WORONOWICZ 



Secondly, let A = B = C*(Z/2). Then C and D are Z/2-graded C*-algebras. 
Let V be the unique non-trivial bicharacter in A ® B = C(Z/2 x Z/2), defined by 
V(a,6) := a • 6 for a, 6 € Z/2 = {±1}. Then C My D is the (spatial) Z/2-graded 
tensor product: odd elements in C and D anticommute, and even elements commute 
with the other tensor factor. 

Thirdly, let HI = G be the reduced dual of G and let V = W A G U(A ® A) 
be the reduced bicharacter; here we identify the bidual of G with G. If G has a 
Haar weight then our construction is equivalent to one by Nest and Voigt [TU]- In 
particular, for D = A and 5 — A a, C M w a A is the reduced crossed product for 
the coaction 7. 

Finally, let A = B = C(T"), so that coactions of G = H are actions of the 
n-torus group T", and let C = D = C(T n ) with 7 = 5 = A^, corresponding to the 
translation action of T" on itself. A bicharacter V G U(A <E> B) is equivalent to a 
map ^: Z"xZ"->T that is multiplicative in both variables. Thus x(( a n), (b n )) = 
Yl™j=iKj hl f° r some (Ajj)i<jj<„ G T. The resulting tensor product C(T n ) My 
C(T") is generated by 2n unitaries U\, . . . , U n and Vi, . . . , V n , with the following 
commutation relations. First, the Ui and the Vi commute among themselves, so that 
they generate two copies of C(T n ). Secondly, ViUj = XijUjVi for all 1 < i,j < n. 
Thus we get all noncommutative 2n-tori in this way. 

Thus our construction unifies many different noncommutative tensor products. 
We will consider new examples of twisted tensor products in the sequel article [5] , 
which is concerned with the case where G = H is a quasitriangular quantum group 
and V is its i?-matrix. In this case, C My D again carries a canonical coaction of G, 
so that we may form tensor products of more than two factors. This tensor product 
turns out to be associative, so that we may ask for braided quantum groups with 
a comultiplication C C My C. Such braided quantum groups may then be used 
to quantise semidirect product groups. 

Now we describe our two constructions of C My D. 

The first one uses a pair of representations a: A — )■ B('H), j3: B — > M(H) on 
the same Hilbert space. This yields embeddings ic '■= ((idc ® a) o 7)13: C — > 
M(C ®D® K(H)) and l d := ((id <g> 0) o 5) 23 : D -> M(C ® D ® K(H)). We let 
C My D be the closed linear span of ic(C) ■ ld{D) for a suitable choice of a and j3. 
We call suitable pairs V-Heisenberg pairs. The closed linear span of icip) ■ ld(D) 
is a C*-algebra, and different V-Heisenberg pairs (a, (3) yield equivalent crossed 
products. 

The definition of a V-Heisenberg pair is a generalisation of the Weyl form of 
the canonical commutation relations (see Example 13. 4p . It is also a variant of the 
usual pentagon equation for multiplicative unitaries (see Example 13. 9p . In terms 
of the reduced bicharacters W A G U{A ® A) and W s G U{B ® B), the pair (a,/3) 
is a V-Heisenberg pair if Wf Q W^ = Wf^W^V^ in U{A ®B® K(H)); here Wf Q 
means that we apply id (8) id <S> a to W^ 3 . 

Our second approach uses covariant representations of (C, 7) and (D,S) on 
Hilbert spaces T-L and IC. This contains corepresentations of A and B, which al- 
low us to turn V into a unitary operator Z on T~L ® IC. Assuming that the repre- 
sentations of C and D are faithful, we show that we get a faithful representation 
CMy D ^R{n®lC), mapping C 3 c®l &n& D 3 Z{l®d)Z*. 

We also establish functoriality properties of M. These say that a pair of equivari- 
ant "maps" / : C -> C , g : D -4 D' induces a "map" C My D -» C My D'. "Maps" 
could mean, among others, morphisms, *-homomorphisms, completely positive con- 
tractions, or C* -correspondences. We also examine when / My g is injective or 
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surjective. Functoriality for C*-correspondences also shows that C D is Morita- 
Rieffel equivalent to C Kly D' if C, C and D, D' are equivariantly Morita-Rieffel 
equivalent. 

Related to Morita-Rieffel equivalence, we show that 

(C l7 ) K v (D,8)^(C, 7 ')® V (D,S') 

if 7' = Ad„ T o 7 and <$' = Ad Us o <5 for cocycles u 7 6W(C0i) and G U(D ® B). 
This generalises the well-known fact that the reduced crossed product for an inner 
group action and for the trivial action are isomorphic. 

Finally, we consider the examples mentioned above. In particular, we show that 
(C, 7) K1 w a (A, A a) is the reduced crossed product for the coaction 7 on C. As an 
application of the functoriality of Kl, we show how to construct the dual coaction 
on the reduced crossed product. The coaction A^ : A — > A ® A is a G-equivariant 
map if we equip the codomain with the right G-coaction id^ ® A a ■ By functoriality 
of M, it induces a morphism 

(C, 7) ® w a (A, A A ) -> (C, 7) S w a (A ® i, id A ® A^) S 1® ((C, 7) (i, A A )) . 

It is easy to see that this is a continuous left A-coaction on (C, 7) K1 w a (A, A^). 
This is exactly the dual coaction on the reduced crossed product. 

2. Preliminaries 
For two norm-closed subsets X and Y of a C*-algebra, let 
X - Y := {xy: x e X,y eY} cljS , 

where CLS stands for the closed linear span. 

For a C*-algebra A, let Ai(A) be its multiplier algebra and let U(A) be the 
group of unitary multipliers of A. A unitary U € U(A) defines an automorphism 
Adu e Aut(A) by Ad,7(a) := UaU*. 

Let £*olg be the category of C*-algebras with nondegenerate *-homomorphisms 
Lp: A^t A4(B) as morphisms A — >■ _B; let Mor(A, S) denote this set of morphisms. 

Let H be a Hilbert space. A representation of a C*-algebra A is a nondegenerate 
*-homomorphism A —> M(H). Since M(H) = M.(K(H)) and the nondegeneracy 
conditions A ■ K(T~L) = K(H) and A ■ H = W are equivalent, this is the same as a 
morphism from A to K(H). 

2.1. Crossed tensor products. 

Definition 2.1 (compare [S]). Let A, B, C be C*-algebras, a <E Mor(A, C) and 
f3 e Mor(B,C). If a(A) • (3{B) = C, then we call (C,a,f3) a crossed product or 
crossed tensor product of ^4 and B. 

Example 2.2. The spatial tensor product C — A <g> B of two C*-algebras with 
a(a) = a<£> 1b and /3(6) = 1^ <£> 6 is the simplest example of a crossed product. 

Let a and /3 be (nondegenerate) representations of A and B on the same Hilbert 
space H such that a(j4)-/3(fl) and j3(B)-a(A) are the same subspace of M(TL). Then 
C* := a(A) ■ /3(B) is a C*-algebra, a G Mor(A, C) and /3 G Mor( J B, C). Thus C7 is 
a crossed product of A and B. This suggests that crossed products are defined 
by some commutation relations between a and f3. In a purely algebraic setting, 
Exel [5] describes the multiplication on C through the map r: B (g> A A ® 
expressing j3(b)a(a) as a linear combination of elements of the form a(a')j3(b'); but 
this does not work for C*-algebras because of the completions involved. 

Definition 2.3. Two crossed products C\ = ai(A) ■ P\{B) and C 2 = a 2 (A) ■ /3 2 {B) 
of A and B are equivalent if there is a faithful morphism Lp G Mor(Ci,C2) with 
ip o ai = a 2 and f o j3\ = f3 2 . 
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Any faithful morphism ip G Mor(Ci, Ca) with tp o a\ = a 2 and tp o fix — /? 2 
satisfies <p(C\) = C 2 and hence is a "-isomorphism. 

Example 2.4. Let C = a(A) ■ /3(B) be a crossed product and U G U{C). Then 

(C,a,/3) ~ (C.Adt/oa.AdtrojS). 
2.2. Multiplicative unitaries and quantum groups. 

Definition 2.5 (0). Let W be a Hilbert space. A unitary W G W(ft <g> ft) is 

multiplicative if it satisfies the pentagon equation 

(2.6) W 23 W 12 = W 12 W 13 W 23 in U(H ® ft ® ft). 

Technical assumptions such as manageability f[14j) or, more generally, modu- 
larity ([H]) are needed in order to construct C*-algebras out of a multiplicative 
unitary. 

Theorem 2.7 ( [TT1IT2TIT4] ) . Let U be a separable Hilbert space and W G U{H<S>H) 
a modular or manageabe multiplicative unitary. Let 

(2.8) A:={(u;®id«)W:cjGB(ft)*} CLS , 

(2.9) A := {(id n ® lo)W :lu eM(U)*} GLS . 

(1) A and A are nondegenerate C* -subalgebras o/B(ft). 

(2) W G U{A ® A) C W(ft <8> ft). We write W 4 /or W mewed as a um'tort/ 
multiplier of A® A and call it reduced bicharacter. 

(3) There is a unique A A G Mor(^4, A® A) such that 

(2.10) (id^ ® A A )W A = Wf 2 Wf 3 
it is coassociative: 

(2.11) (A j4 ®id A )oA A = (id A 0A A )oA j4 , 
and satisfies the Podles condition 

(2.12) A A {A) ■ (1 A ® A) = A ® A = (A ® 1 A ) ■ A A (A). 

(4) There is a unique normal, linear, involutive anti- automorphism H A of A 
such that 

(2.13) A A oR A = a o(R A ®R A )o A A . 
where o~(x ® y) = y ® x. 

A C* -quantum group is a C*-bialgebra G = (A, A A ) constructed from a modular 
or manageable multiplicative unitary. We do not need Haar weights. 

The dual multiplicative unitary W := E(W)*S G U(H ® ft) is modular or 
manageable if W is, where T>(x ®y) = y ® x. The C*-quantum group G = (A, A A ) 
associated to W is the dual of the quantum group G. Its comultiplication is given 
by 

(2.14) (A A ® id A )W A = W^Wfa inU(A®A®A). 

Let G = (A,A A ) be a C*-quantum. 

Definition 2.15. A continuous (right) coaction of G on a C*-algebra C is a mor- 
phism 7: C — > C ® A with the following properties: 

(1) 7 is injective; 
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(2) 7 is a comodule structure, that is, the following diagram commutes: 
(2.16) 



C ► C® A 



1 

7®id j4 

C ® A > C ®A®A 



id c ® A 



A 



(3) 7 satisfies the Podles condition 7(C) ■ (lc ® A) = C ® A, 

We call (C, 7) a G-C* -algebra. We often drop 7 from our notation. 

A morphism /: C — > D between two G-C*-algebras (C, 7) and (-D,<5) is G-equi- 
variant if <5 o / = (/ <g> id^) o 7. Let Mor G (C, I?) be the set of G-cquivariant 
morphisms from C to D. Let <£*al0(G) be the category with G-C "-algebras as 
objects and G-equivariant morphisms as arrows. 

Example 2.17. The trivial G-coaction on a C*-algebra C is r:C— > C ® A, c4 
c C*S 1^- It is always continuous. Theorem 12.71 3 implies that : A — s- A ® ^4 
is a continuous G-coaction on ^4 for any C*-quantum group G = (A, A^). More 
generally idc ® A a : C(g>^4— S-C<g>v4<g)v4isa continuous G-coaction on C ® A for 
any C*-algebra C. The following lemma says that any continuous coaction may be 
embedded into one of this form. 

Lemma 2.18. Let C be a C* -algebra and D a C* -subalgebra of M.{C ® A) with 
(2.19) (id c ® A A )(I>) • {Ic®a® A) = D® A. 

Then D with the coaction S := (idc <8> Aa)|d : D — > D ® A is a G-C* -algebra, and 
the embedding D — > A4(C ® A) is a G-equivariant morphism. 
Every G-C* -algebra is isomorphic to one of this form. 

Proof. Equation (|2.19p implies that idc ® A^ maps D into M. (D ® A) as claimed. 
Injectivity and coassociativity of S are clear because they hold for idc §3 A^, and 
(|2.19|) is the Podles condition for 5. Thus S is a continuous G-coaction. The 
equivariance of the embedding is clear. 

Now let (C,7) be a G-C*-algebra. Let D := 7(C) C A4(C <g> A). The comodule 
property (|2.1(j|) and the Podles condition for 7 imply that D satisfies (|2.19l) : 

(id c <8 A A ) 7 (C) • (1 c ®a ® A) = (7 ® id A )(7(C0 • (lc ® A)) 

= (7 ® id A )(C <g> A) = 7(C) ® A. 

Furthermore, the comodule property (|2.16[) for 7 implies that the isomorphism 
7 : C — > D is G-equivariant. □ 

Definition 2.20. A (right) corepresentation of G on a Hilbert space H is a unitary 
U e U(K(H) ® A) with 

(2.21) (idc ® A A )?7 = C7 12 ?7i3 in U(K(H) ® A® A). 

Definition 2.22. A covariant representation of (C,j,A) on a Hilbert space % 
is a pair consisting of a corepresentation U G W(K("H) ® A) and a representation 
ip: C —> M(H) that satisfy the covariance condition 

(2.23) (cp ® id A ) o 7(c) = £%(c) ® l A )tT" in U(K(H) ® A) 



for all c£ C. A faithful covariant representation is one where </? is faithful. 
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2.3. Bicharacters as quantum group morphisms. Let G = (A, Ax) and H = 

(B,A B ) be C*-quantum groups, let G = (A, A A ) and H = (B,A B ) be their duals. 

Definition 2.24 ( 8, Definition 16]). A bicharacter from G to H is a unitary V £ 
U{A ® B) with 



(2.25) 
(2.26) 



(A A ®id B )V = V 23 Vi 3 
(id A ® A B )V = Vi 2 Vi 3 



in U{A ® A®B), 
in U(A® B® B). 



It is shown in [5] that bicharacters in IA(A ® B) may be viewed as morphisms of 
quantum groups from A to B. We shall use bicharacters in U(A ® B) throughout 
and rewrite some definitions in [5] in this setting. 

Definition 2.27. A right quantum group morphism from G to H is a morphism 
Afl : A — > A ® B such that the following diagrams commute: 



.4 

(2-28) Aa 

A® A 



A 



A®B 

A A ® id i 

-> A® A®B 



A 



R 



A« 

A®B 



The following theorem summarises some of the main results of [5]. 

Theorem 2.29. There are natural bijections between the following sets: 

(1) bicharacters V £ U{A ® B) from G to H; 

(2) bicharacters V := cr(V*) £ W(B <g) A) from H to G; 

(3) right quantum group homomorphisms Ar : A A® B; 

(4) functors F : £*atg(G) — > £*a[g(H) ™'£/i For^ o F — For G /or t/ie forgetful 
functor Fore: £*atg(G) -4 £*a[g; 

(5) Hopf morphisms f: A n — > £? u between universal quantum groups. 

The first bijection maps a bicharacter V to 



id, 



A® B 
\d A 8 

-> A ® B ® B 



(2.30) 



V := a(V*). 



A bicharacter V and a right quantum group homomorphism A B determine each 
other uniquely via 



(2.31) 



(id*® A i? )(W A ) = W^ 2 V 13 . 



T/ie functor F associated to A B is the unique one that maps (A, Aa) to (A, Ar) . In 
general, F maps a continuous G-coaction 7: C — > C ® A to the unique M-coaction 
5: C — > C ® B for which the following following diagram commutes: 



(2.32) 



C — 

5 

C®B 



7 



7 ® id. 



C®A 

id c ® 
C ®A®B 



The bicharacter in IA{A ® B) associated to a Hopf morphism f : A n — > B u is V := 
(id A ® A B f)(W A ), where W A £ U(A ® A u ) is the unique bicharacter lifting W £ 
IA(A ® A) and A B : B n — > B is the reducing map. 
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3. HEISENBERG PAIRS AND TWISTED TENSOR PRODUCTS 

This section introduces Heisenberg and anti-Heisenberg pairs, and uses them 
to construct our noncommutative tensor product, after establishing properties of 
Heisenberg pairs necessary for that purpose. 

Let G = (A, A A ) and H = (B, A B ) be C*-quantum groups. Let W A G U(A®A) 
and W s G U(B ® B) be their reduced bicharacters. Let V G U(A <g) B) be a 
bicharacter from A to B. Heisenberg pairs and anti-Heisenberg pairs are pairs of 
representations (a, (3) of A and B on the same Hilbert space % that satisfy suitable 
compatibility conditions. 

We use these pairs to define twisted tensor products C Kly D in Section 13.21 A 
crucial technical point is to show a pair of representations of C and D generates a 
crossed product C*-algebra. Here the commutativity result in Section I3~T1 is crucial. 
In addition, we construct examples of V-Heisenberg pairs and V-anti-Heisenberg, 
proving their existence, and give some equivalent characterisations of them. 

Definition 3.1. A pair of representations a : A — > M(H), f3: B — > M(TL) is called a 
V-Heisenberg pair or briefly Heisenberg pair if 

(3.2) Wf Q W^ = Wf^W^Via in U{A®B® K{U)); 

here Wf a := ((id A (g> a)W A )i 3 and W^ := ((id^ <g> /?)W S ) 23 . It is called a V-anti- 
Heisenberg pair or briefly anti-Heisenberg pair if 

(3.3) W|gWf Q = Vi 2 Wf a W|j in U{A <g> B <g> K(ft), 
with similar conventions as above. 

We name these pairs after Heisenberg because of the following example: 

Example 3.4. Let A = B = C*(M) be the group R viewed as a quantum group, and 
let V G U(A®B) ^ C(KxM,T) be the standard bicharacter (s,i) H- exp(isi). A pair 
of representations of A is a pair of unitary one-parameter groups (U\(s), f72(i))s,teJK- 
Equation (|3.2jl is equivalent to the canonical commutation relation in the Weyl form: 

U 2 (t)U 1 (s) = exp(-ist)J7i(s)f7 2 (t) for all s,t G M. 

The case where H = G and V = W" 4 E U(A(EiA) is the reduced bicharacter of G 
is particularly interesting: 

Definition 3.5. A W^-Heisenberg or W^-anti-Heisenberg pair is also called a 
G- Heisenberg pair or G- anti-Heisenberg pair, respectively. 

Lemma 3.6. A pair of representations (tt,tt) of A and A on "H. is a G-Heisenberg 
pair if and only if 

(3.7) W£ 3 Wt = W^wf 3 W^ 3 in U{A ® K(H) ® A). 
It is a G- anti-Heisenberg pair if and only if 

(3.8) Wf OT W^3 = in U(A <g) K(H) ® A). 

Proof. Let 7r and 7r be representations of A and A on H satisfying (|3.7[) . When we 
apply CT2 3 to both sides of (|3.7p we get 

(W&)*w£ = W&W&(W&)* in U{A®A® K(H)). 

This is equivalent to W^W^ = W^W^Wf 2 , which is ((XII) for S = A, V = W 4 , 
a = 7r and (5 — tt. This computation may be reversed as well. 

The computation for anti-Heisenberg pairs is similar. □ 
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Example 3.9. If W €lA(H®'H) is a modular multiplicative unitary generating G = 
(A, Aa), then the resulting representations it: A — > M(H.) and 7r: A — > M(TL) form a 
G-Hcisenberg pair: the condition p.7p is equivalent to the pentagon equation (|2.6p 
for W^ ff := (it ® 7r)(W j4 ). Conversely, a pair of faithful representations (ir, n) is a 
G-Heisenberg pair if and only if W^. is a multiplicative unitary. 

Let T-L be the conjugate Hilbert space to the Hilbert space H. Recall that the 
transpose of an operator x G M(TL) is the operator x T G M(H) defined by x T (^) := 
x*!; for all £ G %. The transposition is a linear, involutive anti-automorphism 
B(%) — > M(H). Recall that the unitary antipode Ka- A — > A is also a linear, 
involutive anti-automorphism. Therefore, if a: A — > M(H) and /3: B — >• B("H) are 
representations, then so are 

a:A->B(W), at^(R A (a)) T , 

M^lfS), 6^(R S (&)) T . 

Lemma 3.10. The pair (a, /3) is Heisenberg if and only if (a, /3) is anti-Heisenberg. 

Proof. Let (a, /3) be a Heisenberg pair. The following computation shows that (a, /3) 
is an anti-Heisenberg pair: 

WgWfa - (R^ ® Rb T)(Wf a W&) 

= (R* ® Rs ® T)(wf /3 Wf Q V 12 ) = ViaW^Wf^i 

the first equality uses (Ri (g) Rs)V = V ( 8, Proposition 3.10]) and the antimulti- 
plicativity of R^ ® R^ ® T; the second equality uses (|3.2p : and the third equality 
uses the same facts as for the previous ones in reverse order. 

The computation above may be reversed to show the converse direction. □ 

Thus Heisenberg pairs and anti-Heisenberg pairs are essentially equivalent. 

Recall that a bicharacter V gives rise to a dual bicharacter V £ U{B ® A) 
by (|2.30[) and to a right quantum group homomorphism A# : A —> A®B with (|2.31[) . 
Similarly, V gives rise to a right quantum group homomorphism A^ : B — >• B ® A. 
We may reformulate the condition of being a Heisenberg pair in terms of V, 
and Ar, respectively: 

Lemma 3.11. Let a and j3 be representations of A and B on a Hilbert space W. 
Then the following are equivalent: 

(1) (a, f3) is a Heisenberg pair acting on H; 

(2) (j3, a) is a V -Heisenberg pair acting on T-L; 

(3) {a ® id 6 )A R (a) = (Wf 2 )(a(a) <8> l B )(W B )* p2 for all a G A; 

(4) 08 ® id A )A R (b) = (W^ 2 )(/3(6) ® 1 A )(W A )* 2 /or all b e B. 

Proof. (1) <J=4» (2): (1) is equivalent to 

Wj^WfpVJa = W^Wf a in W(i ® S ® K(H)) 
by (|3.2p . Applying (T 12 gives 

(3.12) W£,Wf fl Via = Wf^W^ in W(B ® i ® K(«)), 

which is equivalent to (/?, a) being a V-Heisenberg pair. Thus (1) (2). 

(1) (3): Let (a,/3) be a Heisenberg pair. The following computation takes 
place in U(A K(H) ® S): 

(id 4 ® a ® id i j)(id i ® A fl )W A = wf Q V 13 = a 23 (W^V 12 ) 

= o- a3 ((Wffl)*Wf a Wffl) = (Wf a )W^(Wf 3 )*; 
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the first equality uses (|2.3ip ; the second equality is obvious; the third equality 
uses (f3T2j) ; and the last equality uses W B = cr((W B )*). Since {(u) ® id j4 )W' 4 : w G 
A'} is linearly dense in A, slicing the first leg of the first and the last expression of 
the above expression yields (1)=>(3). 

Conversely, applying id^ ® a ® id^ on both sides of (|2.3ip and using (3), we get 

Wf Q Vi 3 = (id A <g>(a® id^)A fl )W A = (Wf 3 )Wf a (Wf 3 )* in U{A <g> K(H) <g> B); 

applying 023 to this gives (|3.2|) . Thus (3)=>(1). 

To prove (2) <^=> (4) argue as in the proof that (1) <==> (3). □ 

Lemma 3.13. Let (7r,7r) and (r/,fj) be G- and M.- Heisenberg pairs on Hilbert spaces 
Htt and H. n , respectively. Then the pair of representations (a,/3) of A and B on 
Htt (EiH-q defined by a(a) := (t: (E)fj)A^(a) and [3(b) :— 1%^ <S)r)(b) is a V -Heisenberg 
pair; here A# : A — » A® B is the right quantum group homomorphism associated 
to V as in Theorem 12.291 

Proof. First we check the following equation: 

(3.14) Vx^Wg, = W^V lj5 V 12 in U(A ® B <g> K(^)). 

The coaction B —> B (g> B associated to the reduced bicharacter W B is the usual 
comultiplication A^. Hence 

(W^ 3 )V^(W* 3 )* = (id j4 ®f?®id^)(id(8A B )V = (id i ®?7®id i j)(V 12 V 1 3) = V lf) V 13 

in U(A<£)K(H V ) <S>B) because of Lemma fe.lllT ) and the bicharacter property (|2.26p 
of V. When we flip the last two legs, we turn W^ 3 into (W^)*. Rearranging then 
gives (j3~T4"l) . 

Now we can check that (a, 13) is a Heisenberg pair. The following computation 
takes place in U{A ®B® K{%„) <8> K(H V )): 

wf Q W B = W&VitWg, = W^W^Vi^Via = W^W&V^Via - W^W^Via 

the first equality uses the definitions of a and (3 and (|2.3ip ; the second equality 
uses (|3.14p ; the third equality uses that and commute; and the fourth 
equality uses the definitions of a and (3 again. □ 

3.1. Commutativity and Heisenberg pairs. Locality principles in quantum 
field theory always require commutation relations of the simplest possible form 
xy = yx. Our noncommutative tensor products are based on more complicated 
commutation relations. Nevertheless, we are going to show that ordinary commuta- 
tivity comes out if we put together a Heisenberg and an anti- Heisenberg pair. This 
will be crucial for the existence of our noncommutative tensor product. 

Proposition 3.15. Let Ti and K, be Hilbert spaces; let a and (3 be representations 
of A and B onH, respectively; and let a and (3 be representations of A and B on K., 
respectively. Then the following are equivalent: 

(1) the representations (a ® 01) A a and (/? ® f3)A B of A and B on T-i ® IC 
commute, that is, for any a G A and b G B, we have 

(3.16) [(a ® a)A A (a), (f3 ® P)A B (b)} = 0: 

(2) there is a bicharacter V G U{A <g> B) such that (a,/3) is a Heisenberg pair 
and (a,/3) is an anti- Heisenberg pair. 

Proof. Equation (|3.16[) is equivalent to 

(3.17) W^ a Wf a Wf«Wf~ = WfflWfgW^Wfa in U{A®B® K(H) ® K(/C)) 
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because of (|2~TUj) and flU} for MV A and W B . We may commute with W|g 
and W^j with W 1q on both sides and rearrange (|3.17|) to 

(3.18) V := (W A )L(W%Wf Q W B = W^Wf s (W%(W A ) lci . 

We have V £ U(A ® B) because its first definition has 1^; in the fourth leg and its 
second definition has 1% in the third leg. 

We check that V is a bicharacter in both legs. First we check (|2.25p : 

(A A ® id^)V = (A A ® id£)(W 2 ^W^(W%-(W A )^) 

= V 23 W^V 13 (W 4 )^ = V 23 V 13 ; 

the first and third equality use the second definition of V in (|3. 18[1 : the second 
equality uses (|2.25[) for W A ; and the last equality uses that W^ and Vi 3 commute. 
A similar computation using the first definition of V in (|3 . 1 8f> yields (id j <E> Ab)V = 
Vi2Vi 3 ; thus V 6 U(A ® B) is a bicharacter. 

The first definition of V in (|3.18p says that (a, 0) is a Heisenberg pair, and the 
second one says that (7, 5) is an anti-Heisenberg pair. 

Conversely, if V € U(A <g> B) is a bicharacter, (a, f3) a Heisenberg pair and (7, 5) 
an anti-Heisenberg pair, then (|3.18p follows, and hence (|3.16[) . □ 

3.2. Twisted tensor products via Heisenberg pairs. Let G = (A, A A ) and 

H = [B, As) be C*-quantum groups, let V G U(A ® B) be a bicharacter, let (C, 7) 
be a G-C*-algebra, and let (D,5) be a H-C*-algebra. Let (a, /3) be a V-Heisenberg 
pair on some Hilbert space %. 

Using this data, we now construct a crossed product (C&HyD, lc, l d) of C and D 
in the sense of the Definition 12.11 A more precise notation is 

CM Y D = (C, 7 ) B v (D,5). 

There is no need to mention (a, (3) in our notation because all Heisenberg pairs give 
equivalent crossed products; we will prove this in Section [5] 

Lemma 3.19. Define morphisms 

l c : C-> C®D®K(H), c4 (id c ® a)7(c)i 3 , 
l d : D^C®D®K(H), d h-> (id D <g> /5)<5(d) 23 . 

TTiera i C (C) • ld{D) = l d (D) ■ i c {C) in M{C ® D <g K(H)). 
It follows that 

is a C*-algebra and that ic and t£> are morphisms from C and D to C Kly -D, 
respectively. Thus (C E3y D,lc,ld) is a crossed product of C and I? in the sense 
of Definition O 

The extension of By to Hilbert modules uses the following generalisation: 
Lemma 3.20. Let ICC and Y C D be closed subspaces with 

7(A) • {1 C ®A) = X®A and 6{Y) ■ (1 D <g> B) = Y <g> B. 
Then l c {X) ■ i Y {D) = t D {Y) ■ i c {X) in M(C <g> D ® K(H)). 
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Proof. Since our coactions satisfy the Podles conditions, Lemma f3. 191 is the special 
case X = C and Y = D of Lemma 13.201 Hence it is enough to verify Lemma 13.201 
Let (d, (3) be a V-anti Heisenberg pair acting on a Hilbert space K,. The definition 
of be and the comodule property (|2.16[) for 7 yield 

0c ® d)7 = ((idc ®a® a) (7 (g> id^hW = ((idc ® (a ® d)A A )7)i34; 
Similarly, 

<g = ((id D ® (,3 ® /3)A B )(5) 2 34. 
Now Proposition 13.151 yields 

(3.21) (to ® d) 7 (c) • (t D ® 0)<y(d) = (i D ® /3)<S(d) • (t c ® d) 7 (c) 

for all c 6 C, d G D. 

Since d(A) ■ K(/C) = K(/C), our assumption 7pf) • (l c <8> A) = X <8> A gives 

((to ® d) 7 (X)) • K(/C) 4 = (ic ® d)( 7 (A) • (l c (8 A)) • K(£) 4 

= (l c (X) ® 5(A)) ■ (l c ® 1„ ® K(/C)) m - tc(C) ® K(AC). 
Similarly, /3(-B) • K(/C) = IK(/C) and our Podles condition for 5 give 

{{m ® /8)<y(y)) • k(/c) 4 = ® k(/c). 

Equation (|3.2ip gives 

(to ® d) 7 (x) • ( tD ® /8)<y(y) = (tB ® ^)<5(y) • (t c ® d) 7 (x). 

Multiplying this equation on the right with 1c®d®w ® K(/C) and using the compu- 
tations above to simplify, we get 

(l c (X) ■ l d (Y)) ® K(/C) - (to(X) • l c (Y)) ® K(/C). 

Applying a state w on K(/C) to this equation gives lc{X) ■ toOO = toPO • tc(y) 
as desired. □ 

The following observation is useful to study slice maps on C lEly D. 
Lemma 3.22. In the situation of the previous lemma, 
(3.23) l c (X) ■ l d (Y) ■ K(H) 3 = X ® Y ® K(W), 

where the right hand side means the closed linear span of x ® y ® z with x E X , 
y EY, zE K(H). In particular, (C H v D) ■ K(H) 3 = C®D® K(H). 

Proof. Since K(H) = /3(B) ■ K(Tl), we may compute 

l d (Y) ■ K(H) 3 = ((ids ® /3)(<J(Y) • (1 ® B)))23K(H) a 

= (Y ® (3(B) ■ K(H)) 23 = K(H) 3 ■ Y 2 . 

Here Y 2 and K(%) 3 mean V and K(H) in the second and third leg, respectively. A 
similar computation for ic(X) using K("H) = 01(A) ■ K(H) now gives (|3.23p . □ 

We will consider interesting examples of this construction in Section [5] Here we 
only mention a trivial example: 

Example 3.24. Assume the coaction 7 is trivial. Then 7(2)13 = c ® 1 ® 1, so that 
we get C K v = C ® D, embedded into X(C (g) £> <g> K(H)) via id c ® (idr> ® 
We get the same conclusion if 8 is trivial. 

Lemma 3.25. Let Co be a C* -algebra with trivial G-coaction and equip Co ® C 
</ie coaction idc ® 7. TTien 

(3.26) (C ® C) Sv£» = C ® (CS V D). 

A similar statement holds in the second variable. 

Proof. The map ic ®c is idc ® ic- □ 
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4. HlLBERT SPACE REPRESENTATION OF THE TWISTED TENSOR PRODUCT 

Let G = {A,A A ),W = (B,A B ), VeW(i®B), (C, 7 ) and (D,6) be as before, so 
that the twisted tensor product C E3y D is defined. We are now going to construct 
a faithful Hilbert space representation of C By D using covariant Hilbert space 
representations of (C, 7) and (D,5). This yields an alternative definition of C Kly 
D and shows that C Kly D does not depend on the Heisenberg pair used in its 
construction. 

Our new construction uses faithful covariant representations (ip, U^) of (C, 7, A) 
and (ip 7 U K ) of (D,S,B) on Hilbert spaces H and JC, respectively. (We will show 
below that such faithful covariant representations always exist.) 

The bicharacter V and the corepresentations provide a unitary operator Z on 
T-L ® JC as follows: 

Theorem 4.1. Let U n E U(H ® A) and U K 6 U(fC <g> B) be corepresentations of 
G and H, respectively. Then there is a unique unitary Z E U(H ® JC) that satisfies 

(4.2) UQpfyZu = UjfcUQ in U(U ®JC®L) 

for any V -Heisenberg pair (a, (3) acting on some Hilbert space C. 

With this unitary Z, define representations ipi and ip2 of C and D on H <B> fC by 

Vi(c) := y(c) ® 1/c, 

We can now formulate the main theorem of this section: 

Theorem 4.3. Let (ip,!/^) and (ip, U ) 6e faithful covariant representations of 
(C,"f,A) and (D, 5, B) on Hilbert spaces T~L andfC, respectively. Construct (pi and%p2 
as above. Then there is a unique faithful representation p: C Kly D — > M(fH CS> fC) 
with p o l c = ipi and p o l d = ip 2 - 

Example 4.4. If V = 1, then we may take Z = 1. Thus ip2 = ^2 and the crossed 
product is simply the minimal tensor product C <g> D. 

In the rest of this section, we prove the claims above and use the main theorem 
to show that the twisted tensor product does not depend on auxiliary choices. First 
we construct faithful covariant representations: 

Example 4.5. Let tpo : C — > R(Hq) be any faithful Hilbert space representation. Let 
(tt,tt) be a faithful G-Heisenberg pair on a Hilbert space this exists because 
of Example 1331 Let H := H <8> H„ and identify K(H) = K{H ) O K(H n )- The 
unitary U := 1% ® W^ 2 G IA(K(H) A) is a corepresentation; since p 0l ir and 7 
are faithful morphisms, ip := (^0 ® tt) o 7: C — > B(7^) is a faithful representation. 
The following computation in M.(C <g> K(H W ) 0^4) implies the covariance condition 
for (^,10: 

((id c (8 tt) 7 ® id A ) 7 (c) = (id c ® (tt ® id A )A j4 ) 7 (c) = (W^ 3 )( 7 (c) ® 1 A )(W^ 3 )* 
for all c 6 C, where we used (12.161) and Lemma f3. 111 3 with B = A and Ar = Aa- 
Now we prove Theorem 14.11 The uniqueness of Z is clear from 

Zn = (u$j } r(u£)*u5 l uZ t . 

Existence means that the operator on the right acts identically on the third leg 
and does not depend on the Heisenberg pair. The quickest way to prove this uses 
universal quantum groups to turn corepresentations into representations. 

The universal quantum group G u := (A u , A^u) associated to G = (A, Aa) is 
introduced in [12] . By construction, there is a universal (left) corepresentation 
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W A E U (A u ® A) ; its universal property gives a unique representation pi : A u — > 
M(H) with (pi tgiid^W" 4 — U n because U n is a corepresentation. Similarly, there 
is a unique representation p 2 : B u — > B(/C) with (p 2 ® idB)W B = J7 . 

[HI Proposition 4.7] shows that any bicharacter V € W(v4 <g> B) lifts uniquely to a 
bicharacter V u £ W(i u ® B 11 ). We claim that 

(4.6) Z :={ Pl ® P2 ){Y u )* eB(ft®£) 

verifies (|4.2p (for any V-Heisenberg pair (a,j3)). (Our formulation of Theorem 14. II 
highlights the property of the operator (pi ® P2)(V U )* that is crucial for the proof 
of Theorem 14.31 and it avoids universal quantum groups.) 
We will actually prove 

(4.7) YfaWfp = W&W&Ytz in U(A* ®B"® K(C)) 

for any V-Heiscnberg pair (a,/3). Applying p\ and p 2 to the first two legs then 
gives ((372)) because (pi ® idA)W A = U n and (p 2 ® id B )W B = U K . 

When we apply the reducing morphisms : A u ^ A and A B : B u — >• B to 
the first two legs in flTT]) . we get W^Wf^ = Wf^W^Vi2, which is exactly the 
definition of a Heisenberg pair (see Definition 13. ip . A routine computation shows 
that 

T := (W&rCVV^rW&W^ e W(i u ® B u ® K(£)) 

is a character in the first two legs, that is, (A^u ® id B „ ® id,c)T = T234T134 and 
(id lu ® A B u (gi id £ )T = T124J134. Thus T and V" 2 are two bicharacters in U(A U ® 
B U ®K(£)) that both lift the bicharacter V X2 mU(A®B®K(C)). Using [5J Lemma 
4.6] twice, we get that any such bicharacter has a unique lifting. Thus T = V" 2 as 
asserted. This finishes the proof of Theorem 14. 11 

Now we come to the proof of Theorem 14.31 The Hilbert space representation 

9?®V>®id:A®B® K(£) -> B(W ® /C ® £) 

is faithful because 93 and ^ are faithful. Hence the pair of representations 

(if <g> 0)713 : C -> B(H ® K. ® £) 

{ip ® /3)*23 : £> -4 B(H ® /C ® £) 

of C and D gives a faithful representation of C -D; that is, there is a unique 
faithful representation of C My D that gives the above two representations when 
composed with lq and 1 n . 

Lemma 4.8. The pair of representations (ipi, Ad^ 12 o %p 2 ) of (C, D) on % ® /C ® £ 
is unitarily equivalent to the pair ((y>® 01)713, (ip<3 f3)5 2 3) on the same Hilbert space 
through conjugation by the unitary U^U^. 

Proof. We must prove 

U&UjfcMc) ® 1 K ® l£)(^)*«)* = (*> ® «)7i3(c), 
U&U&ZudH ® ^(d) ® WZUU^TV*)* = (4, ® p)8 23 (d) 

for all c e C, d e D. To check the first equality, we use first that £7^ commutes 
with 93(c) 1 because both act on different legs, and secondly the covariance condi- 
tion 1(2723")) for (ip, U n ) with a applied to the leg A: 

^$te(c)®lK®l£)(tf&r(tfft)* = t^(^(c)®ljc®l£)(t^)* = (v®o)7(c)i3. 

To check the second equality, we first use (|4.2|k secondly, that and ip(d) 2 act 
in different legs to commute them; and thirdly the covariance condition (|2.23[) for 
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(tp, U K ) with (3 applied to the leg B: 

= u^iduu^r = (v» ® /3)5(d) 23 . □ 

We remarked above that the pair of representations ((<£ ® 01)713, ® /S)^) 
generates a faithful representation of C Kly -D. Lemma 14.81 shows that this repre- 
sentation is unitarily equivalent to another representation that restricts to ipi ® lc 
and Adz 12 o ip 2 = ^2 <8> lx on C and _D, respectively. The latter representation is 
p®\c f° r a faithful representation of C IEy D on H <S> )C. This is the faithful repre- 
sentation whose existence is asserted in Theorem 14.31 Uniqueness is clear because 
C M Y D = l c {C) ■ l d (D). This finishes the proof of Theorem |Oj 

Theorem 4.9. In the notation of Theorem 14.31 the subspace 

Ci v D := tpi(C) ■ 4> 2 {D) C M{H ® /C) 

is a C* -subalgebra and (C Kly D,ipi,ip2) is a crossed product of C and D. Up to 
equivalence of crossed products, it does not depend on ((p, U^) and (ip, U^). 

The crossed product (C By D, lc, id) is equivalent to (C By D, ipi, %p 2 ) and, up 
to equivalence of crossed products, does not depend on the Heisenberg pair (a, pi). 

Proof. Since C Kly D = p{C Kly D) and po b C = tpx, p o i D = Tp 2 , by Theorem 14.31 
C Kly D is a C*-algebra, (C Ky £), y>i, fa) is a crossed product of C and D, and it 
is equivalent to the crossed product (C S3y D,lc,Ld)- 

Since the unitary Z is the same for all Heisenberg pairs (a, j3), the crossed product 
(CMyD, (fx, fa) does not depend on (a, /3); hence up to equivalence (CKIyD, Lc, i>d) 
does not depend on (a, (3). And since (C E3y D, tcr, in) does not depend on (<p, U H ) 
and (ip, U K ), neither does (C Kly D, <pi, fa), up to equivalence. □ 

As a special case Theorem 14.31 the usual spatial tensor product C <E> D does 
not depend on the chosen faithful representations of C and D. But we do not 
reprove this classical result. Rather, we reduce analogous statements for noncom- 
mutative tensor products to this case by embedding the latter into commutative 
tensor products with more factors. 

5. Properties of the twisted tensor product 

In this section, we establish several functoriality properties of the twisted ten- 
sor product. We also discuss exactness for equivariantly semi-split extensions and 
invariance under Morita-Rieffcl equivalence, which gives a result about cocycle 
conjugacy. 

We begin with an easy symmetry property: 

Proposition 5.1. The crossed products (CSy D,lc,ld) and (D 23^ C , t' D , t' c ) are 
canonically isomorphic. 

Proof. Let (U n ,tp) and (U ,ip) be faithful covariant representations of C and D 
on Hubert spaces T-L and fC, respectively. Theorem I4.9I yields 

(C By D, L C , L C ) = (CiyZ?, Vl , fa), 

(DM y C, l d ,l' c )^{D^C,<iP x ,$ 2 ) 

with Ci v L> C B(H <8> K), DM~C C M(K ® H); here ipx{d) := {ip(d) ® In) and 
<p 2 (c) := Z{l K ® ip(c))Z*, where Z satisfies g^) and Z = £Z*£. The pair of 
representations (^1,^2) of (C,D) on % ® /C is unitarily equivalent to the pair of 
representations (ip%, (p 2 ) on /C <g> % via the unitary HZ* . □ 
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5.1. Functoriality for quantum group morphisms. Let G = (A,Aa), H = 
(B,Ab), G2 = (A 2 , Aa 2 ) and H 2 = (B 2 ,Ab 2 ) be quantum groups. Let /: G — > G 2 
and g : H — > M 2 be quantum group morphisms in the sense of the several equivalent 
descriptions in Theorem l2.29l 

Let V2 £ U(A 2 <8> B 2 ) be a bicharacter. We may view V2 as a quantum group 
morphism V 2 : G2 — > M 2 . Composing this with the given quantum group morphisms 
/: G —> G2 and the dual g: M 2 — > H, we get a quantum group morphism V' := 
g o V 2 o f; G — > H, which we view as a bicharacter V £ £Y(^4 ® B). 

Let (C, 7) and (£>,<5) be a G-C*-algebra and an H-C*-algebra, respectively. The 
description of / in Theorem I2.29f 4) is as a functor from the category of G-C*- 
algebras to G2-C*-algebras that does not change the underlying C*-algebra. In 
particular, this functor maps 7 to a continuous G2-coaction 72 : C — > C ® A 2 on C . 
Similarly, g maps 8 to a continuous H 2 -coaction S 2 : D ^ D ® B 2 on D. 

Theorem 5.2. In £/ie situation above, the crossed products (C,"f 2 )^y 2 (D,j 2 ) and 
(C, 7) E3v {D,"f) of C and D are equivalent. 

Proof. Let ((p, U H ) be a G-covariant representation of (C, 7) on % and let J7 ) 
be a H-covariant representation of (D, (5) on JC. 

The quantum group morphism / turns U H into a corepresentation of G 2 
on W. This is asserted in [51 Proposition 6.5]. Since the quick proof given in [5J 
only works for corepresentations that induce a continuous coaction on K("H), which 
is not automatic, we give a different proof here using universal quantum groups. 

We may view the quantum group morphism / as a Hopf morphism / : A 2 — > A n 
between the duals of the associated universal C*-algebras by [S] Theorem 4.8]. By 
the universal property, is equivalent to a representation of A u on T~L. Com- 
posing this with / gives a representation of A 2l which is equivalent to the desired 
corepresentation of G2 on?{. 

This operation on the level of corepresentations is compatible with the map 
7 H > 72 on coactions in the sense that (ip, U^) is a G 2 -covariant representation of 
(CW2). 

Similarly, g turns U into a corepresentation U 2 of H2 on IC, and (ift, U 2 ) is a 
covariant representation of (D,S 2 ). 

The bicharacters V £ U{A®B) and V2 £ U{A 2 ® B 2 ) lift uniquely to a bicharac- 
ters V u £ U(A U ® B u ) and V 2 £ ® B 2 ) by Proposition 4.7]. The bijection 

between bicharacters and quantum group morphisms is defined in such a way that 
V u = (/ ® g)(V 2 )- Equation 14.61 then shows that the unitaries Z on H €5 K. that 
are used to construct the twisted tensor products with respect to V and V2 are the 
same. 

Now Theorem l4.3l vields the desired equivalence of crossed products because both 
are faithfully represented by the same C*-algebra ip(C) ■ Zip(D)Z* on H <E> IC. □ 

The following special cases of Theorem 15.21 are particularly noteworthy. 

Example 5.3. Let G 2 = H, H 2 = H, let g = id: H ->• H 2 and let /: G -> G 2 = Hbe 
the bicharacter V itself, viewed a quantum group morphism as above. Let V 2 = W B 
be the reduced bicharacter of H. Then 

(C, 7 ) K v (D,S)*(C,<n)Rft B (D,S), 

where 72 : C — > C ® B is the H-coaction associated to 7 by the quantum group 
morphism / corresponding to V. 

This is a special case of Theorem 15.21 because the bicharacter W B describes 
the identity morphism on the quantum group H. The composition of this with / 
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gives again /, so that the bicharacter V that we get from V2 = W B by the above 
construction is indeed the given on. 

Example 5.4. Let G 2 = G, H 2 = G, let / = id: G 2 ->■ G and let g : H ->• H 2 = G be 
the dual of the morphism G — > H2 associated to the bicharacter V. Let V2 = W A 
be the reduced bicharacter of EL Then 

(C l7 ) K v (£>,£) = (<?, 7) % w a (D,8 2 ), 

where 82 : D D (3 A is the G-coaction associated to 8 by the quantum group 
morphism g. 

The last example reduce the twisted tensor product E3y for an arbitrary bichar- 
acter to the special case H = G and V = W 4 . 

5.2. Functoriality for various kinds of maps. C*-algebras may be turned into 
a category using several types of maps: 

• morphisms (nondegenerate *-homomorphisms C\ — > A4(C2)); 

• proper morphisms (nondegenerate *-homomorphisms C\ — > C2); 

• possibly degenerate *-homomorphisms C\ — > C2; 

• completely positive maps C\ — > C2; 

• completely positive contractions C\ — > C2; 

• completely contractive maps C\ — > C2; 

• completely bounded maps C\ — > C2. 

It is well known that the minimal tensor product is functorial for such maps; that is, 
two "maps" / : C\ — > C2 and g : D\ — > Z?2 induce a "map" /CSg : Ci<g>-Di — ^ C2®E>2i 
which is determined by (/ ® g)(c ® d) := /(c) ® 5(d)- We claim that the tensor 
product By is also functorial for all these kinds of "maps" in the following sense: 

Lemma 5.5. Iff: (Ci,7i) — > ((^2,72) is aG-equivariant "map" and g: (D±,5i) —> 
{1)2,82) is anW-equivariant "map," then there is a unique "map" 

f K v .g: Ci H v £>i ->■ C 2 H v £> 2 , t Cl (c) • i Dl (d) ^ i Ca (/(c)) • tr> 2 (</(<*)) > 
and (/, g) h- > / Ky g is an additive bifunctor. 

The notion of equivariance for possibly degenerate *-homomorphisms or com- 
pletely bounded maps is defined as in [TJ Definition 1.8]. The multiplier alge- 
bra is not functorial for such maps, but the comultiplication morphism 71 : C± — > 
M. (C\ ® A) takes values in the smaller algebra 

M(Ci <8> A) := {x e M{C X ® D) I x ■ (1 ® D) U (1 ® D) ■ x C Ci <8> D}. 

A completely bounded map /: Ci — > C2 induces a completely bounded, A4(D)- 
bilincar map 

/ <g> id D : Ci ® L> -> C 2 <g> D. 

The map / ® idu is completely positive or completely contractive if / is, and a 
*-homomorphism if / is. Any A / J(-D)-bilinear "map" C\ ® D — s- C2 ® D extends 
uniquely to a (-D)-bilinear "map" M{C\ ® D) -> M(C 2 ® D). We use this 
extension to make sense of the equivariance condition 8 o f = (/ (g id^) 7- 

Proof of Lemma 15.51 The uniqueness and hence the functoriality is clear because 
the linear span of lc\ (c) • 1 d 1 (d) with c € C\ , d € £>i is dense in Ci Kly Di and all 
types of "maps" we consider are bounded linear. 

We remarked above that ordinary minimal C*-tensor products are functorial for 
"maps", that is, there is a well-defined B(H)-linear "map" 

/ ®g® id K(w) : C 1 ®D 1 ® K(H) ~^C 2 ®D 2 ® K{H). 
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We may extend it to a "map" 

{f,g)*:M Km (C 1 ®D 1 ®K{U))^M nu) {C 2 ®D 2 ®K{'H)), 

Lemma [XH implies C l My A C M K{n] (Ci <g) A ® for i = 1,2. 

We claim that the "map" (/, g)* sends iCi (c)^ (d) to f.c 2 (/ '(c)) • LD 2 {g{d)); hence 
it restricts to a "map" / E3y 5 : Ci A — ► C 2 A with the required property. 

Now we look at some types of maps separately. First let / and g be equivariant 
morphisms; then /<8></<8>idK(-H) is a morphism, hence extends to a *-homomorphism 
between multiplier algebras. Since / and g are equivariant, this canonical extension 
maps 7i(c)i OT M> 72(0)1^ and S 1 (c) 27I i-4 <5 2 (c) 2?r . Hence it maps iCi^tD^d) to 
t c 2 (/( c )) • L D 2 {g(d)) as needed. If / and g are proper morphisms, then £c 2 (/(c)) ■ 
LD 2 {g{d)) S C 2 E*V A for all c G Ci, d 6 Aj so that / g is a proper morphism 
as well. 

Now let / and g be completely bounded maps; this contains the remaining types 
as special cases. By definition, 

(/ ®g® id)(c ® 1 D <g> x) ■ (/ <g> g <g> id)(l c <8> d <g> y) = /(c) ® g(d) ® x • g 

= (/<8>g<8>id)(c<8>d<g>a:-y) 

for all c G Ci, d G A, G K(H). Since / (g) 5 <g) id is bounded linear, this 
implies the partial multiplicativity (/ <g> g ® id) (a; • g) = (/ ® id)(a;)i 3 (g ® id)(g) 23 if 
x G M.(C\ ® K(H)), y(zM{C 2 ® K(U)). In particular, 

(/ <g> g ® id K(w) ) (c) • ir>! (d)) = (/ ® g <8> id K(w) ) (c) ) • (/ ® g <8> id K(w) ) (t Dl (d) ) 

for all c G Ci, d G A- Finally, the equivariance of / and g shows that the right 
hand side is ic 2 (/( c )) • L D 2 (g{d)). □ 

Proposition 5.6. /// and g are injective morphisms or * -homomorphisms, then 
so is f My g, and wee versa. 

If f and g are surjective * -homomorphisms, then so is f My g, and vice versa. 

The map f My g is invertible if and only if both f and g are invertible. 

Proof. If / and g are injective, so is /<8>g<8id]g(%); hence its extension to multipliers 
is injective, and so is the restriction to Ci Ely A- Conversely, (f My g)(Ld ( c ) l d 1 (d)) 
vanishes if /(c) = or g(d) — 0; hence / and g are injective if / My g is. 

If / and g are surjective, then elements of the form (/ My g)(tci ( c ) l d 1 (d)) = 
L c 2 (f (c))i>D 2 (g(d)) are linearly dense in C 2 My A- Hence / By g is surjective as 
well. Conversely, suppose that / My g is surjective. Then 

^c 2 (/(Ci)) • t D2 (g( A)) • K(W) 3 = (C 2 My A) • K(W) 3 = C 2 ® A ® K(ft) 

by Lemma We also have k7 2 (/(Ci))i£> 2 (g(A)) • K(H) 3 C /(Ci) <g> g(A) ® 

IK('H). Applying slice maps to C 2 and A, we get f(C\) = C 2 and g(Di) = D 2 . □ 

We now use Proposition 15.61 for the equivariant embeddings 7 : C — > C ® A and 
<5 : D ^ D ® B provided in Lemma 12.181 to get an embedding 

(C, 7) By (A <5) -> C <8> D (g) (A, A) K v (A A). 

Thus we may describe (C, 7) My (A^) as the crossed product generated by the 
embeddings (id ® (.4)713 of C and (id ® lb)S 23 of D into C®D® (A, A) Ely (A A). 

This description is particularly useful if we can describe (A, A) My (A A) more 
explicitly. For instance, for the skew-commutative tensor product in Section 16. 11 
we get 

C*(Z/2) Ely C*(Z/2) = M 2 (C), 
generated by the anti-commuting involutions 

ffi:= (o -1)' 92:= (? a)- 
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Thus the skew- commutative tensor product may be defined as the crossed product 
generated by the embeddings of C and D into M.2(C © D), mapping c M- c © 1 © 1 
for even c G C, c H- c © 1 g\ for odd c 6 C, i-> 1 © d © 1 for even G D, 
d i-^ 1 © d © g 2 for odd d e D. 

5.3. Exactness on equivariantly semi-split extensions. 

Proposition 5.7. TTie functor u £3v ^ waps an extension C\ s— ► C% — » C3 0/ 
G-C* -algebras with a G-equivariant completely bounded section to an extension of 
C* -algebras with a completely bounded section. If the section C3 — > C'2 is an equi- 
variant * -homomorphism, completely positive or completely contractive, then so is 
the induced section C^Hyl) —> C^KIy-D. Analogous statements hold for the functor 

Proof. We have C\ © C3 = C2 in the additive category of G-equivariant completely 
bounded maps, using the inclusion map C\ — > C2 and the section s: C3 — > €'2- 
Since By D is an additive functor, this implies C\ By D © C 3 By I? = C 2 Ky -D 
in the category of completely bounded maps. Thus 

Ci K v £> C 2 H v £> -> C 3 ^ v -D 

is an extension of C*-algebras with sKlyidi) as a completely bounded linear section. 
This section is again a *-homomorphism, completely contractive, or completely 
positive if s is so. □ 

The functor , , By D cannot be exact for arbitrary extensions because this already 
fails for the commutative minimal tensor product. An H-C*-algebra D deserves 
to be called "exact" if , , Kly D is an exact functor for all G and all bicharacters 
V G U(A © B). We leave this line of thought to future study. 

5.4. Functoriality for correspondences. Next we want to show that Kly is 
functorial for equivariant correspondences. Recall that a correspondence between 
two C*-algebras C\ and C2 is a Hilbert CVmodule £ with a non-degenerate left 
Ci-action (by adjointable operators). In this section, we assume familiarity with 
Hilbert modules, see [7J. 

We want to show that a G-equivariant correspondence £ : C\ — > C2 and a 
H-equivariant correspondence J- : D\ — > D2 induce a correspondence 

£ K v T: d ^y D 1 -)■ C 2 K v D 2 

with suitable functoriality properties, including compatibility with the composition 
of correspondences: given further equivariant correspondences £2 '■ C2 — > C3 and 
J-2 : D2 — > -D3, there is a natural isomorphism of correspondences 

(£ ®c 2 £2) (F ©c 2 F2) = {£ F) (£ 2 S V J 2 ). 

This also implies that if £ and JF are equivariant Morita-Rieffel equivalences (that 
is, full Hilbert bimodules), then £ Kly J 7 is a Morita-Rieffel equivalence. 

Quantum group coactions on Hilbert modules are defined by Baaj and Skan- 
dalis in [H Definition 2.2], but without considering Podles' continuity condition. 
Therefore, we add one condition to our definition. 

Definition 5.8. A G-equivariant Hilbert module over a G-C*-algebra (C, 7) is a 
Hilbert C- module £ with a coaction e : £ — > A4(£ ©A) with the following properties: 

(1) e(07(c) = e(£c) for £ e £, c G C; 

(2) 7((e,'))c) = (e(0,eW> J M(c^); 

(3) e(£) -(1® A) =£©A; 

(4) (1©A) -e(£) = £© A; 

(5) (e © id A )e = (id f © e)e. 
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Here 

M{£ ® A) := {T e B(C ® A, £ ® A) \ (1 £ ® A)T U T(l c ® A) C £ (g> A}. 

Condition (5) uses canonical extensions of e <g> id^t and id,4 ® e to maps 

B(C ® A, £ ® A) B(C ®A®A,£®A®A), 

which are described in [TJ Remarque 2.5]. The map e is automatically norm- 
isometric by (TJ Proposition 2.4]. 

Since 7 satisfies the Podles condition and e(£ ) = e(£ ) • 7(C), our condition (3) 
is equivalent to e(£ ) ■ (C <£> A) = £ ® A. Thus the conditions in [T] Definition 2.2] 
are equivalent to our conditions (l)-(3) and (5). 

Remark 5.9. Our definition and the one by Baaj and Skandalis give the same 
definition for Hilbert bimodules and hence the same notion of equivariant Morita- 
Ricffcl equivalence (provided the C*-algebras involved carry continuous coactions). 

A Hilbert bimodule between C\ and C2 is both a right Hilbert C2-module and 
a left Hilbert Ci-module, such that the left and right module structures commute 
and the inner products satisfy (£, rj}c 1 • C = £ " (Vi C)c 2 f° r & U £1 C £ £■ 

The left and the right Hilbert module structure both give the same multiplier 
space M(£®A) because K{U <£> A) maps M{£ ® A) into £ ® A. 

A G- equivariant Hilbert bimodule is a Hilbert bimodule with a G-coaction e : £ — > 
A4(£ ® A) that satisfies conditions (l)-(5) both for the left and the right Hilbert 
module structure. There is, however, some duplication here. Condition (5) is the 
same for the left and right Hilbert module structure, and the change between left 
and right exchanges conditions (3) and (4). Thus if both Hilbert module struc- 
tures satisfy conditions (l)-(3) and (5), then they both satisfy (l)-(5). Hence the 
definition here and in [T] give the same notion of Hilbert bimodule. 

The linking algebra associated to a Hilbert C-module £ is the algebra of compact 
operators on C (B £ with its block decomposition into K(C, C) = C, K(C, £ ) = 
£, K(£,C) = £* and K(£,£) — K(£). A G-coaction on £ induces a coaction 
7' : K(C © £ ) — > K(C © £) ® A that is compatible with this block decomposition 
by [I] Proposition 2.7]; 7' restricts to e and 7 on the blocks £ and C in K(C © £). 
Under the assumptions in [T], this coaction need not satisfy the Podles condition, 
even if 7 does. Our additional condition (4) ensures this because it is equivalent to 
j'(£ *) • (1 <g> A) = £* (g> A, and this implies 7'(K(£)) • (1 (g> A) = K(£) ® A because 
K(£ ) =£■£*. Condition (3) and the continuity of 7 give 7'(£ ) ■ {I ® A) = £ ® A 
and fCC) • (1 <g> A) = C <g> A 

Proposition 5.10. Let £ be a G-equivariant Hilbert module over (C, 7) and let J- be 

a G-equivariant Hilbert module over {D, S). Let C :— K(C©£) and D' := K(Z?©J r ) 
with the induced continuous coactions 7' and 8' . Choose a V-Heisenberg pair (a,/3) 
and view C My D and K(£) B v K(J") as C* -subalgebras of M(C ® D' ® K(H)). 
Then 

£ S v T := lc> (£) ■ Ld> (J 7 ) = ID' (J 7 ) ■ ic> {£) 

is a Hilbert module over C Kly D , where the right C My D-module structure is the 
multiplication in M.{C' ® D' ® K(H)), and the C My D-valued inner product is 
{^,rj} := ^* • n. Furthermore, 

K(£ My F) = K(£) My K(F). 

Proof. All this follows from Lemma \'3.2i)\ Lemma T3.2UI for X = £ , Y = T asserts 
ic(£) ■ iD'iJ 7 ) = Lo'iJ 7 ) ■ tc(£)- To check that £ My T is closed under right 
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multiplication under C My D, we compute 
(S My F) ■ {C My D) = i c > (£) ■ l d> (JF) • l d , (D) ■ i c > (C) 

= lc> {£) • LD< (F-D)- i c > (C) = id> (J 7 ■ D) ■ lc> {£) ■ LC> (C) 

= L D ,{F)-i C '{£)=£^v F- 
Similar computations give 

(£ My F)* -(£MyF)CC My D, 

{£ My T) ■ {£ My J 7 )* = K (C) K(D). 

The first line completes the proof that £ My J 7 is a Hilbert module over C My D. 
The second line says that K(£ My F) = K{£) My K(T). □ 

Let £\ and £2 be G-equivariant Hilbert modules over C and let 5: Si -> £2 be 
an adjointable operator. We want to construct an induced adjointable operator 

S My idjr : £ x My T -> £ 2 My T. 

We may view S as an adjointable operator on £ := £\ ©£2 that vanishes on £2 and 
has image contained in £\. There is a canonical unital *-homomorphism 

M(£) S M(K(f )) -» A1(K(£) H v K(J")) S _M(K(£ My 7")) ^ B(£ K v J 7 ). 

We apply it to 5 and then notice that the resulting operator is the extension by 
zero of an adjointable operator £\ My T — > £2 My T . This defines S My id jr. The 
map S h-> S id.F is a unital, strictly continuous *-homomorphism. 

A similar construction turns an adjointable operator T: J-\ — > between 
H-equivariant Hilbert D-modules J-± and T2 into an adjointable operators 

id £ My T: £ My T x -> £ My T%. 

The adjointable operators S My idjr and ids T usually do not commute with 
each other, so that S My T is not defined unambiguously. However, if S and T are 
both equivariant and unitary, then they are compatible with all structure that is 
used to define £\ My T\ and £2 My T% and hence must induce an isomorphism 

S My T : £1 My T\ — > £ 2 My Ti. 

Indeed, the following lemma shows that S'Klyidjr and id^MyT commute whenever 
S or T is equivariant. 

Lemma 5.11. Let x G M{C) and y € A4(D) and assume that x is G-invariant or 
that y is M-invariant, that is, 7(2:) = x®l or 8{y) = t/(8>l. Then [ic(x), = 

in C My D. 

Proof. If x is G-invariant, then l c {x) = x ® 1 <g> 1 in M{C ® D ® K(U)). This 
commutes with Lr>(y) G M(D ® K(%)) 2 3 because it lives in a different leg. The 
argument for H-invariant y is the same. □ 

Now we turn from Hilbert modules to correspondences. 

A G-equivariant correspondence from C\ to C2 is a G-equivariant Hilbert mod- 
ule £ over C'2 with a nondegenerate representation of Ci, that is, with a morphism 
/: Ci — > B(£) = A4(K(£)). Usually we do not mention / and instead equip £ with 
the left C\ -module structure given by /; thus a correspondence is a bimodule with 
a C*2-valued right inner product and a G-coaction with suitable properties. 

Let £ with /: C\ — > B(£) be a G-equivariant correspondence from C\ to C2 and 
let T with g: D\ — > B(J r ) be a H-equivariant correspondence from D\ to D2. Then 
we get a Hilbert module £ My T over C2 My D2 and an induced morphism 

d My L>i -»■ M(K{£) My K(J-)) £ Af (K(£ K v -T 7 )) = B(£ K v -T 7 ) 

by Proposition 15. f 01 This gives a correspondence from C\ My D\ to C2 My D2. 
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Let S: £\ — > £2 and T: J-\ — > T% are isomorphisms of equivariant correspon- 
dences (that is, equivariant unitaries commuting with the left module structures). 
Then 

S Kl v T : £1 Ely T\ — > £ 2 Ti 
is an isomorphism of correspondences. Thus our construction descends to isomor- 
phism classes of correspondences. 

Next we consider the composition of correspondences. Let Ci for i = 1,2, 3 be 
G-C*-algebras and let Di for i — 1, 2, 3 be H-C*-algebras; let £\ be a G-equivariant 
correspondence from C\ to C2, let £2 be a G-equivariant correspondence from C2 
to C3, let T\ be an H-cquivariant correspondence from D\ to D2, and let T2 be 
an H-equivariant correspondence from D2 to D3. The composite correspondences 
£\ ®C 2 £2 an( i -^i ®£ ) 2 ^2 are again equivariant (see [T[ Proposition 2.10], our extra 
continuity condition is easily checked). 

Lemma 5.12. There is a natural isomorphism of correspondences 

(£1 ®c 2 £2) {F\ ®C 2 F2) = (£1 My Fi) ®c 2 ® v d 2 (£2 ^2). 

Proof. Let us assume that Ci is a subalgebra of B(£ j) for i — 1,2 (we can make 
these representations faithful by taking direct sums with suitable correspondences, 
and then argue in the end that the result remains true without these additional 
summands). The direct sum 

£' := C 3 © £2 © [Si ®c 2 £2) 

is a G-equivariant Hilbert C3-module on which the G-C*-algebras Ci for i = 1, 2, 3 
and the G-equivariant Hilbert modules £±, £2 and £\ ®c 2 £2 act by adjointable 
operators. Namely, C\ acts by the given left actions on £\ and £\ ®c 2 £2 and by 
zero on £2] C'2 acts by the given left action on £2 and by zero on the other summands; 
C3 acts on itself by left multiplication and by zero on the other summands; £2 and 
£1 ®C 2 £2 act by the isomorphisms £2 — K(C3, £2) and £\ ®c 2 £2 — K(C3, £ 1 ®c 2 £2) 
on C3 and by zero on the other summands; and £\ acts on £2 by the map 

£ 1 ^B(£ 2 ,£i®c 2 £2), £^T e , 

with T^(rj) := £ © rj for all 77 6 £2, 6 € £1, and £1 acts by zero on the other 
summands. 

These representations are nicely compatible in the following sense: bimodule 
structures on our Hilbert modules are always represented by composition of ad- 
jointable operators, and inner products are always represented by (x,y) := x* o y. 
Hence they extend to representations of the linking algebras K(C2 © £1) of £\, 
K(C 3 8 £2) of £2, and K(C 3 © £1 ®c 2 £2) of £ x ®c 2 £2- 

Let us assume similarly that Di C B(.Fj) for i = 1,2, and let us embed the 
H-C*-algebras Di for i — 1, 2, 3 and the H-equivariant Hilbert modules Ti, T2 and 
T\ ®d 2 F2 hi a similar fashion into B(J 7 ') with 

J 7 ' := D 3 © J2 © ^1 ®d 2 ^2- 

The tensor products Cj ISly A, £; and (£1 ®c 2 £2) (^l ®d 2 F2) are all 

embedded into the multiplier algebra of 

K(£') M v K(J") S K(f ' H v J 7 ') 

by Proposition 15.61 and Proposition [STTUl 

The construction in Proposition l5. 101 also shows that, in this representation, the 
bimodule structures on the Hilbert modules £iMyTi and (£i®c 2 £2)^v(J 7 i ®D 2 J r 2) 
are given by composition, and the inner products by (x, y) :— x* o y. In such a 
situation, the composite correspondence (£1 Kly Fx) ®c 2 m w D 2 {£2 By^) is realised 
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concretely as (£% Fi) • (£2 F2) with the bimodule structure over C\ ISly D 1 
and C3 Kly D 3 given by composition and inner product (x, y) := x* • y. 
Lemma 13.201 gives 

(£l ®c 2 £2) Ely (-^l ®C 2 ^2) = <-K(£')(A) ■ iK(£')( f 2) • t K(^')(- 7r !) ' ''K(.F') (-^l) 

= ^K(£')(^l) ' i K(^')(^ 1 ) ' i K(£')(^ 2 ) ' i K(J c -')('^' 1 ) = (^1 ^V-^l) ' (^2 Ey-Fa). 

This finishes the proof. □ 

5.5. Cocycle conjugacy. We now consider the special case of equivariant Morita- 
Ricffcl equivalence where only the G-coaction is changed to an equivalent one by a 
cocycle: 

Definition 5.13 ([2, Definition 0.4]). A j-cocycle is a unitary u S A4(C<£>A) with 

(5.14) u 12 (j <Z> id A )u = (id c <E> A A )u in W(C <g> A® A). 

We can only treat cocycles that satisfy an extra Podles condition: 

Lemma 5.15. Let u G U(C ® A) be a ^-cocycle. Define a morphism "f u := Ad u o 
7: C — > C ® A. This is a continuous coaction of G if and only if 

(5.16) 7(C) • u* • (l c ® A) = C* ® A. 

Proof. The morphism 7„ is faithful because 7 is. We check that it is a comodule 
structure: 

(id c ® A A )(u-f(c)u*) = u 12 (((p ® id A )(uj(c))u*)u* 12 = (j u <g) id A )7«(c) 

for all c g C; the first equality uses (|5.14p and (|2.16|) for 7; the second equality 
again uses (I5.14J) for all c 6 C. 

Since u £ W(C (g) A) we have w(C ® A) = C <g> A. Hence (|5.16[) is equivalent to 
the Podles condition u~/(C)u* ■ (1 ® A) = C ® A for j u . □ 

The following result generalises Proposition 7.6]. 

Theorem 5.17. Let u be a "/-cocycle and let v be a S-cocycle. Assume both satisfy 
the Podles condition (|5.16p . Define the coactions "f u and S v as above. Then 

(C, 7 ) K v (D,S) S (C, 7u )^ v (A^)- 

This isomorphism is not one of crossed products, that is, it is not compatible 
with the embeddings of C and D. 

Proof. Let £ be C viewed as a Hilbert module over itself. Define the coaction 
e: £ — > M.{£ ® A) by e(c) := u ■ 7(c). We claim that this gives a G-equivariant 
Hilbert C-module. Conditions (l)-(3) in Definition 15.81 are immediate. Condi- 
tion (4) is equivalent to (|5.16|) by taking adjoints, and (5) is equivalent to the 
cocycle condition (|5.14[) . 

Since £ — C as a Hilbert module, the left multiplication action of C gives 
an isomorphism C = K(£). The induced G-coaction on K(H) is, however, not 
equivalent to 7 but to j u : 7 M (ci) • e(c2) = e{cic 2 ) for all ci, c 2 <G C. 

Similarly, let T be D viewed as a Hilbert module over itself, with the H-coaction 
<p: T -)• M{T ® B) defined by ip(d) ■= v ■ 5(d). Then K{T) = D with induced 
coaction 5 V . Now Proposition 15.101 gives 

(C,7„)H V (D,7.) = K(« F). 
The identity maps C — > £ and D ^ J- are (non-equivariant) unitary operators. 
They give unitary operators 

(C, 7) H v (A <J) -> (f , e) My (D, 5) -> (5, e) K v (F, 
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of Hilbert (C, 7) My (A <5)-modules. Conjugating by this unitary gives a C*-algebra 
isomorphism 

(C, 7) My (A S) = K(C My D) — > K(£ My J 7 )- 
Now compose this with the isomorphism K(£ My F) — (C, j u ) My (D, r ) v ). □ 

We describe the isomorphism above more explicitly. To simplify notation, we 
treat only u and assume v = 1. The linking algebra for £ is M.2(C) with the 
G-coaction 

en ci 2 \ / 7( c n) "7(^12) 
C21 c 22 / \7( c 2i)w* U7(c 22 )w* 
The upper left and lower right corners are (C, 7) and (C, 7 U ), respectively. Thus 
(C, 7) Ky (A <5) and (C, 7 „) K v (A <5) are subalgebras of M 2 (C) E £>. 

Conjugation by the partial isometry s = ( ? ) ano - ^ s adjoint gives isomorphisms 
between the two corners C C M2(C). The strictly continuous extension of Lm 2 (C) 
maps s to a partial isometry in M2(C) My -D. Conjugation by this partial isometry 
and its adjoint restricts to isomorphisms between (C, 7) My iP,S) and (C, 7„) Kly 
(A -5). 

Call a continuous coaction inner if it is a cocycle-twist of the trivial coaction. 

Corollary 5.18. The crossed product (C, 7) My (A ^) 15 isomorphic to C ® D if 7 
or <5 is inner. 

Proof. Without loss of generality, let !t e M(C ® A) be a cocycle for the trivial 
coaction r(c) := c<g> 1 and let 7 = t„. The cocycle it satisfies (|5.16[) by Lemma [5T5l 
Now Theorem I5TT71 and Example Ell give (C^)MyD S (C,t)H Vj D = C®D. □ 

Example 5.19. Let J7 W and C/' be corepresentations of A and £? on Hilbert spaces 
Ti and /C. These are cocycles for the trivial action on K(H). Assume (|5.16[) to get 
continuous coactions on K(TL) and K(/C). Then 

K(H) My K(/C) = K(W) O K(/C) K(H ® K). 

This explains the Hilbert space realisation of C My D in Theorem 14.31 in the 
case where the corepresentations U n and U K used there satisfy the technical con- 
dition (|5TTpj) . Then we get a faithful morphism C My D -> K(W) Ky K(/C) from 
Proposition [5J2 When we identify K(H) My K(/C) = ® /C) as above, we get a 
faithful representation of C My -D on <g> /C). 

6. Examples of twisted tensor products 

We show in Section RTTl that the skew-commutative tensor product of Z/2-graded 
C*-algebras is a special case of our theory. 

In Section 16.21 we consider the case where both A and B are duals of locally 
compact groups; in particular, this covers the case where A and B are locally 
compact Abelian groups. Here we understand bicharacters in a classical way, and 
we show that C My D for any bicharacter is a Rieffel deformation of C <g) D. 

In Section 16.31 we treat crossed products for coactions and construct the dual 
coaction on a crossed product using the functoriality of My. 

6.1. Skew-commutative tensor products. Let Z/2 = {0, 1} be the two-element 
group. Let G = H be C*(Z/2) with the usual comultiplication. Thus a G-coaction 
on a C*-algebra C is a Z/2-grading: a decomposition C = Co © C\ into involutive, 
closed, linear subspaces Cq and C\ of even and odd elements such that 

i " *->3 — ^i+j mod 2 , '-'i — '-'i ■ 

Equivalently, a'(co+Ci) := cq — ci for Cj £ Cj defines an involutive "-automorphism 
of C. 
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The skew- commutative tensor product of two Z/2-graded C*-algebras C and D 
is denned in [H §2.6] by imposing the commutation relation that c G C and d G D 
anti-commute if both are odd, and commute if one of them is even. This leads to 
the *-algebra structure 

(ci di) • (ca d 2 ) := (-l) de ^> de ^ Cl c 2 © d x d 2 , 

(c d)* := (_l)dog(c)-dcg(d) c * q d * 

on the algebraic tensor product C&D of C and D. The skew-commutative C*-tensor 
product C D is the completion of the *-algebra C D in the C*-norm 

,« -n I, I, (p0 -x*-x-y) 
(6-1) x := sup ~ r 

(p0 X)(y* -y) 

over all non-zero elements y G CQD and all graded states p G C* and A G D* 
(graded means that p and A vanish on C% and D\, respectively); here the products 
and adjoints are with respect to the *-algebra structure on C D. 

The obvious formulas define morphisms be '■ C — >■ C D and ld : -D — >• C®D, so 
that C®D is a crossed product of C and -D. We want to show that C®D = CMy D 
for a suitable bicharacter V G W(A A). 

The dual G is the group Z/2, so that !©£? = C(Z/2 x Z/2) and a bicharacter V 
is a bicharacter Z/2 x Z/2 — > T in a more classical sense. The unique non-trivial 
bicharacter is defined by V(l, 1) = —1 and V{i,j) = 1 if i = or j = 0. 

Theorem 6.2. Let C and D be Z/2-graded C* -algebras and let V &e the non-trivial 
bicharacter in C(Z/2xZ/2). Then the crossed product (C My D,ic,i<d) of C and D 
is naturally isomorphic to their skew-commutative tensor product. 

Proof. A covariant representation of C is given by a Z/2-graded Hilbert space 
H = Ho (B Hi and a representation C —> B('H) with ip(ci)(Jlj) C ^j+j for all 
z,j G Z/2. We choose such a faithful covariant representation of A and a faithful 
covariant representation ip: D — > B(/C) on a Z/2-graded Hilbert space = /Co©^i- 
Since A u = 4, the unitary Z that is used in the Hilbert space description of 
C My D is described most easily by (j4.6|) . This gives Z(£ ry) = — £ 77 if £ G "Hi 
and T} eKi, and Z(£ 7?) = £ 7/ if £ G Ho or 77 G /C . Thus EZ ': H K, -> /C 0"H 
is the braiding operator from the Koszul sign rule. The representations y>i and ^2 
in Theorem 14.31 are 



¥>i(c)(£ r?) = (<^(c)£) 77, Vi 2 (d)(£ 77) = (_i)deg(<i)dc g (c) c $ 

as expected from the Koszul sign rule. It remains to show that this pair of represen- 
tations of C and D yields a faithful representation of the skew-commutative tensor 
product C D. It is clear that we get a *-representation of C © D. 

We must show that, for any x G COD, its operator norm on H®K, is equal to the 
norm defined in (|6.1J) . The GNS-representation for a graded state p: C — > C on the 
Hilbert space L 2 (C, p) is a covariant representation if we let L 2 (C, p)i be the closure 
of d in L 2 (C, p) . The direct sum of these GNS-representations for all graded states 
is a faithful representation of C because any state on Co extends to a state on C 
and a representation of C is faithful once it is faithful on Co . Since C My D does 
not depend on the covariant representations, we may assume that ip. and t/> are 
these direct sums of covariant GNS-representations of C and D, respectively. The 
resulting representations tpi and ip2 are block diagonal with respect to the direct 
sum over the graded states p and A, and each block is obtained from the GNS- 
representation for the pair of graded states p and A. The elements y G C D 
in (|(j.ip form a dense subset of the Hilbert space L 2 (C,p) L 2 (D,X), and the 
expression in (|6.ip for fixed p and A is precisely the norm quotient \\x ■ y||/||y||, 
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where x ■ y is defined using tpi -02 • Hence the norm in (|6.ip is exactly the operator 
norm for a particular choice of the covariant representations <p and tp. □ 

6.2. General group coactions. Now we consider the case where A = C*(G) and 
B = C*(H) for two locally compact groups G and H with the usual comultiplica- 
tions. Thus coactions of G and H are coactions of these groups G and H in the 
usual sense. We are going to identify C Kly D with a Rieffel deformation of the 
commutative tensor product C ® D in the sense of [S]. To begin with, we reduce 
to the case where both G and H are Abelian. 

The dual quantum groups are the groups G and H, respectively. Since A <g> B = 
C (G x H), a bicharacter V G U(A ® £?) is a bicharacter V: G x ->• T in the 
classical sense. Since T is commutative, V(g, h) vanishes if g or h is a commutator. 
Hence V descends to a continuous biadditive map V' : G ab x iJ ab — >• T on the 
Abelianisations G ab and ff ab , giving us a bicharacter V ab G W(C (G ab x ff ab )). 
The quotient maps G — > G ab and i? — > H ah are quantum group morphisms. They 
allow us to turn the given coactions of G and H on G and D into coactions of G ab 
and ff ab , respectively. Theorem 15.21 shows G Kly D = C E3 V ab Z?, where the right 
hand side uses only the induced coactions of G ab and iJ ab . Hence we may without 
loss of generality assume that G and H are Abelian locally compact groups. 

Let G and H be their Pontryagin duals. We may also view a bicharacter as 
a continuous group homomorphism G — > H or H — >■ G by fixing one of the two 
variables. This makes it easy to list all bicharacters for two given Abelian locally 
compact groups G and H . Coactions of G and H are equivalent to actions of G 
and H, respectively. Thus G and D carry actions of G and H, respectively. The 
commutative tensor product 

E :— C ® D 

inherits an action of V := GxH. The bicharacter V : G x H — > T yields a bicharacter 

f x f -> T, hi), (g 2 ,h 2 )) := V( ff2 , /n)" 1 . 

Any bicharacter is also a two-cocycle, which may be used as a deformation pa- 
rameter for Rieffel deformations. Here we define Rieffel deformations following 
Kasprzak |5j using crossed products and Landstad theory. 

Theorem 6.3. G £3y D is naturally isomorphic to the Rieffel deformation of E 
with respect to . 

Proof. Pick faithful representations of G x G and D x H on Hilbert spaces H. and /C, 
respectively. These give faithful covariant representations of G and D, which we use 
to represent CM^D faithfully on W^fC. They also generate a faithful representation 
of 

E x T = (G x G) (8) (D x> H) 

on H ® K. The description of the operator Z in (|4.6p shows that Z G A4(£' x T). 
Thus G E3y -D is contained in Ai(E x T), generated by the canonical embeddings of 
G and I?, with the latter twisted by Ad^. 

The Rieffel deformation _E* of E with respect to is described in [S] as a 
subalgebra of A4(E x T) as well. We will use formal properties of _E* to deduce 
that E 9 = C Kly D as C*-subalgebras of J5 x T. 

Since E = (C <g> 1) • (1 ® D), Lemma 3.4] yields 

(6.4) £* = (C8>1)*-(1 »£>)*; 

Here we let T act on G and D by letting H act trivially on G and G trivially on D. 
The deformation procedure in [3] uses the unitaries 

U g>h e C(G x JT,T), U g , h {gxM) ■= hi), (ff, h)) = V( 5) /^i)- 1 
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for (g, h), (gi, hi) G G x H = T. Since H acts trivially on C , we have C x T = 
(C xi G) ® C*(H ). Hence the unitaries U g ,h are mapped to central elements in C x T. 
In this case, the Rieffel deformation does nothing, that is, C* = C as subalgebras 
of .M(C x T). Thus (C <g> 1)* in jH31) is represented on <g> /C by VJi(C). 

Now define another two-cocycle on T by ^f'((gi, hi), (g 2 , /12)) : = V(gi,/i2); the 
Rieffel deformation for \t' involves the unitaries U' h {gi, hi) := ^'((gi, hi), (g, h)) = 
V(gi,h), which are mapped to central elements in D x T = G*(G) <E) (D x H). 
Therefore, £>* = Z? as subalgebras of M(D x T). 

The two-cocycles ^ and "J/' are cohomologous: let f(g,h) = V(g, h) , then 

df((gi,hi),(g 2 ,h 2 )) := -A^M = V(g 2 , /n^Vfoi,^)- 1 ; 
J{9i,hi)f{g2,h2) 

thus = Now [H Lemmas 3.4 and 3.5] yield 

D* = (L>*') a/ = L> a/ = /£)/* 

as C*-subalgebras of D x T. Here / is viewed as a unitary element of C* (T) C D x T. 

Equation (|4.6p shows that the representation DxT— s-i?xr— >B('H(g)/C) maps / 
to Z. Thus (1®D)* = l®fDf* in flfOfl) is represented on H®fC by -02(f)- Finally, 
becomes = yx(C) ■ 4> 2 (D) S C* K v £> as desired. □ 

6.3. Crossed products. Consider the special case where H = G, V = W 4 £ 
W(A ® A), D = A, 5 = A A : A -> 4 ® 1. We claim that (C, 7) H w a (i, A A ) is 
the reduced crossed product of (C, 7). More precisely, the reduced crossed product 
C x r A comes equipped with canonical morphisms be : C — > C x t -A and 1 1 : A — > 
C x r A, such that (C x r A, tc, l\) is a crossed product in the sense of Defjnition l2.il 
We claim that this is equivalent to (C, 7) S w a (A,Aa) as a crossed product. 

Let (tt, 7r) be a G-Heisenberg pair on the Hubert space H of the special form in 
Example 13.91 that is, W # „. = W is a multiplicative unitary generating G. 

Theorem 6.5. There is a faithful morphism p: (C, 7) KI w a (A, A a) — > C (8 K(%) 
ure'i/i p o l c = 7 l7r anrf p o i» = 7t 2; where 

-{ik: C ~> M(C<Z)K(H)), c^ (id c «)7r)7(c), 

tt 2 : i -> -M(C® K(H)), an-)- l C (g)7r(a). 

Reduced crossed products for locally compact quantum groups (with Haar weights) 
arc defined using the pair of representations 'Jxtt 

and tt 2 above, where tt and fr are 
the regular representations. Thus Theorem ltj . 5l provides an isomorphism (C, j)M w a 
(A,Aa) — > C x r A for locally compact quantum groups. For general C*-quantum 
groups, we may now define the reduced crossed product using the pair of repre- 
sentations 71^ and % 2 and get the isomorphism (C, 7) E3 w a (A, A A ) — > C x r A in 
complete generality. 

Proof of Theorem 16.51 Since 

7^ ® id K(w) : C ® K(W) -> C ® K(W) ® K(ft) 

is a faithful morphism, the pair of representations (71^,^2) generates a faithful 
representation of C Kl 4 if and only the pair ( (71^ ® id^-^) ) o -y l7T , (liw ® idu(-H) ) ^2 ) 
does so. We have (71^ ® id]£(-H)) ^2(0) = ^3(0) and 

(7i 7r (g)id K( ' H ))7i 7r (c) = (7«)id yl )7(c)i 7r7r = (id c ® A j4 )7(c)i 7r7r = W(id®7r)7(c)i 2 W*. 

Let S23 be the coordinate flip. Conjugating both representations by the same 
unitary S23W* gives a unitarily equivalent pair of representations. Hence we may 
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further replace 71 „ and 772 by the representations c 1— > (id ® 77)7(0)13 of C and 

a h-> E 23 W*77(a) 3 WS 2 3 - A{a)^ 

of A] here we use the standard description of A in terms of W. 

Thus we arrive at the pair of representations (idc ® 77 ® idj^-H)) L c and (idc ® 
77(g)idK(-H)) i J 4 w ^ n L c — 71tt an d = (A J 4) 2 # in C® A®K(H). Since 77 is faithful, 
this pair is equivalent to {lc, t^)- Since this pair defines the crossed product CM A, 
we see that (71^,772) generates an equivalent crossed product as claimed. □ 

Viewing the reduced crossed product as a special case of H gives us more freedom 
because we may also tensor (C, 7) with other G-C*-algebras and use functoriality. 
We now describe the dual coaction in this way, using the functoriality of M. 

The map A : A — > A® A is G-equi variant if G coacts on A® A by id£g>A : A®A — > 
A® A® A. By the functoriality of M, this equi variant morphism induces a morphism 

8: C >3 A^ C M A ^ C M (A® A) ^ A® (C M A) ^ A® (C >s A); 

here we use Lemma 13.251 in the second variable to pull out the first factor A. 

Lemma 6.6. The map 8 : C xi A —> A ® (C xi A) is a continuous left Q-coaction. 

Proof. The comodule property of 5 follows from the coassociativity of A and the 
funcotriality of 23 . The map 8 is faithful by Proposition l5.6l The Podles condition 
for 8 follows because (A ® l)A(A) = A® A; apply La®a *° this equality. □ 

This coaction is uniquely determined by the conditions 8(lc(c)) = 1 ® tc(c) and 
8{i^{aj) = (id^ ® t y |)A. The same conditions characterise the dual coaction. Thus 
we have indeed constructed the dual coaction. 

The functoriality of £3 in the first variable gives us the usual functoriality of 
reduced crossed products. 

General tensor products C (D, 8) are closely related to the crossed product 
through Lemma l2.18l which shows that 8: D — >• D® A is a G-equivariant embedding 
for the coaction ido®A on D® A. By Proposition ^. Gl and Lemma r3.25l this induces 
a faithful morphism 

C M w D ^ C M w (D ® A) = D ® (C M w A) = D ® (C x r A). 

Now we consider once again the general situation of two quantum groups G = 
(A, A A ) and H = (B, A B ) and a bicharacter V e U(A ® B). 

Theorem 6.7. View A® B as a subalgebra of (C xi r A) ® (D x r B) via l^® l b . 

The embeddings 

(i c )i :C->(Cx r i)®(fl x r B), c i-» l c (c) ® 1, 

Ad v * o (l d ) 2 (C M r A) ® (D xi r B), d^V*(l® i D (d))V, 

induce a faithful morphism 

C K v D (C x r A) ® (D xi r B). 

Proof. Choose faithful representation <po : C — > M("Hq). Let (77, ft) be a G-Heisenberg 
pair as in Example 13. 91 acting on a Hilbert space T-L^. Let T-L '■= ® T-L-^. Then we 
get a faithful representation ipo ®id of C ®K('H 7r ) on H. This restricts to a faithful 
representation of <p' : C M r A — > M(H) because the latter is the crossed product 
generated by the morphisms yi„ : C — s> C ® K(Hn) and 77 2 : A — s> C ® K('H 7r ). 

Now we compare the construction of a covariant representation of (C, 7) in Ex- 
ample 03] We see that this covariant representation consists oi p o l c : C — > M("H) 
and Wp t . 2 £ U{K(%. n ) ® A). Furthermore, the representation of A u used later in 
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the proof of Theorem 14. II is pi^ o A for the reducing morphism A: A 11 — > A. (Ac- 
tually, any representation of C x r A gives a covariant representation of (C, 7) in a 
similar way.) 

Now do the same things for (D, 8): let ipo : D — >• B(Xo) be a faithful represen- 
tation; choose a H-Heisenberg pair (p, p) as in Example 13.91 acting on a Hilbcrt 
space K p ; let /C := /Co <$ /C^; let -0' be the resulting faithful representation of D x r £? 
on /C; construct a covariant representation of (D, 5) on /C as in Example 14.51 

Now Theorem 14.31 gives a faithful representation of C Kly D on "H £g) /C, generated 
by the representations cpi and Ad^V^- By construction, we also get a faithful 
representation tp'tgiip' of (Cx r i)®(Dx r B) on %(&1C. The description of Z in (|4.6|) 
yields Z = ((p' <S> ip')(V*). Hence the representations ipi and Adztp2 both factor 
through the embedding ip'i&ip' and the maps (tc)i and Ady*o(t, D ) 2 in the statement 
of the theorem. We thus get a faithful morphism C Ky fl->(C» r i)®(flx r B) 
restricting to (tc)i and Ady* (^15)2 on C and D. □ 

For instance, in the situation of Section [6.1 1 this realises the skew-commutative 
tensor product C ® D as a subalgebra of (C xi Z/2) (g) (D x Z/2). 
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